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Abstract—In computer vision and multimedia search, it is common to use multiple features from different views to represent an
object. For example, to well characterize a natural scene image, it
is essential to find a set of visual features to represent its color,
texture, and shape information and encode each feature into a
vector. Therefore, we have a set of vectors in different spaces to
represent the image. Conventional spectral-embedding algorithms
cannot deal with such datum directly, so we have to concatenate
these vectors together as a new vector. This concatenation is not
physically meaningful because each feature has a specific statistical property. Therefore, we develop a new spectral-embedding
algorithm, namely, multiview spectral embedding (MSE), which
can encode different features in different ways, to achieve a
physically meaningful embedding. In particular, MSE finds a lowdimensional embedding wherein the distribution of each view is
sufficiently smooth, and MSE explores the complementary property of different views. Because there is no closed-form solution
for MSE, we derive an alternating optimization-based iterative
algorithm to obtain the low-dimensional embedding. Empirical
evaluations based on the applications of image retrieval, video annotation, and document clustering demonstrate the effectiveness
of the proposed approach.
Index Terms—Dimensionality
spectral embedding.
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I. I NTRODUCTION

I

N COMPUTER vision and multimedia search [5], [6],
objects are usually represented in several different ways.
This kind of data is termed as the multiview data. A typical
example is a color image, which has different views from different modalities, e.g., color, texture, and shape. Different views
form different feature spaces, which have particular statistical
properties.
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Because of the popularity of multiview data in practical
applications, particularly in the multimedia domain, learning
from multiview data, which is also known as multiple-view
learning, has attracted more and more attentions. Although a
great deal of efforts have been carried out on multiview data
learning [1], including classification [21], clustering [4], [19],
and feature selection [20], little progress has been made in
dimensionality reduction, whereas it has many applications in
multimedia [28], e.g., image retrieval and video annotation.
Multimedia data generally have multiple modalities, and each
modality is usually represented in a high-dimensional feature
space which frequently leads to the “curse of dimensionality” problem. In this case, multiview dimensionality reduction
provides an effective solution to solve or at least reduce this
problem.
In this paper, we consider the problem of spectral embedding for multiple-view data based on our previous patch
alignment framework [29]. The major challenge is learning a
low-dimensional embedding to effectively explore the complementary nature of multiple views of a data set. The learned
low-dimensional embedding should be better than a lowdimensional embedding learned by each single view of the
data set.
Existing spectral-embedding algorithms assume that samples are drawn from a vector space and thus cannot deal
with multiview data directly. A possible solution is to concatenate vectors from different views together as a new vector and then apply spectral-embedding algorithms directly on
the concatenated vector. However, this concatenation is not
physically meaningful because each view has a specific statistical property. This concatenation ignores the diversity of
multiple views and thus cannot efficiently explore the complementary nature of different views. Another solution is the
distributed spectral embedding (DSE) proposed in [3]. DSE
performs a spectral-embedding algorithm on each view independently, and then based on the learned low-dimensional
representations, it learns a common low-dimensional embedding which is “close” to each representation as much as
possible. Although DSE allows selecting different spectralembedding algorithms for different views, the original multipleview data are invisible to the final learning process, and
thus, it cannot well explore the complementary nature of different views. Moreover, its computational cost is dense because it conducts spectral-embedding algorithms for each view
independently.
To effectively and efficiently learn the complementary nature
of different views, we propose a new algorithm, i.e., multiview
spectral embedding (MSE), which learns a low-dimensional
and sufficiently smooth embedding over all views simultaneously. Empirical evaluations based on image retrieval, video
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annotation, and document clustering show the effectiveness of
the proposed approach.
The rest of this paper is organized as follows. In Section II,
we provide a short review on related works. In Section III,
we present the proposed MSE and the solution of MSE. Experimental results are shown in Section IV, and Section V
concludes.
II. R ELATED W ORKS
In this section, first, we provide a short review on conventional spectral-embedding algorithms, which are all for
single-view data. Although there are some previous works on
multiview spectral methods, they are about multiview learning
for clustering [4] and classification [21] but not for dimensionality reduction. As for spectral embedding for multiple-view
data, only some preliminary effort [3] is known to us; thus,
second, we give a brief introduction to the distributed method
proposed in [3].
A. Spectral Embedding
The task of dimensionality reduction is to find a lowdimensional representation for high-dimensional observations.
It generally falls into two classes: linear methods, e.g., principle component analysis and multidimensional scaling; and
nonlinear methods, e.g., locally linear embedding (LLE) [8] and
Laplacian eigenmaps (LE) [9].
Spectral methods for dimensionality reduction find the lowdimensional representations by using eigenvectors of specially
constructed matrices [29]. Since, in the traditional problem setting of dimensionality reduction, it is assumed that the data are
represented in a single vector space, the conventional spectralembedding algorithms can all be regarded as methods with a
single view.
Existing algorithms can be classified into two groups based
on whether they are supervised or unsupervised. The focus
of this paper is the latter. Representative algorithms include
Isomap [7], LLE [8], LE [9], Hessian eigenmaps [10], local
tangent space alignment [11], transductive component analysis
[2], discriminative locality alignment [30], and DLLE [27].
They perform well for single-view data but cannot deal with
multiview data directly.
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embedding B ∈ n×k based on A; the objective function of
DSE is defined as

min
B,P

m 
2

 (i)

A − BP (i) 

s.t. B T B = I

where P = {P (i) ∈ k×ki }m
i=1 is a set of mapping matrices. The global optimal solution to DSE is given by
performing eigendecomposition of the matrix CC T , C =
[A(1) , . . . , A(m) ].

III. MSE
In this section, we introduce a new spectral-embedding algorithm, i.e., MSE, which finds a low-dimensional and sufficiently
smooth embedding over all views simultaneously. To better
present the technique details of the proposed MSE, we provide
important notations used in the rest of this paper. Capital letters,
e.g., X, represent matrices or sets, and [X]ij is the (i, j)th entry
of X. Lower case letters, e.g., x, represent vectors, and (x)i
is the ith element of x. Superscript (i), e.g., X (i) and x(i) ,
represents data from the ith view.
Based on the aforementioned notations, MSE can be described as follows according to our previous patch alignment
framework [29]. Given a multiview data set with n objects
and m representations, i.e., a set of matrices X = {X (i) ∈
(i)
is the feature matrix for the ith view
mi ×n }m
i=1 , wherein X
representation, MSE finds a low-dimensional and sufficiently
smooth embedding of X, i.e., Y ∈ d×n , wherein d < mi (1 ≤
i ≤ m) and d is a predefined number according to different
applications.
Fig. 1 shows the working principle of MSE. MSE first builds
a patch for a sample on a view. Based on the patches from
different views, the part optimization can be performed to get
the optimal low-dimensional embedding for each view. Afterward, all low-dimensional embeddings from different patches
are unified as a whole one by global coordinate alignment.
Finally, the solution of MSE is derived by using the alternating
optimization.

A. Part Optimization
Given the ith view X (i) = [x1 , . . . , xn ] ∈ mi ×n , con(i)
sider an arbitrary point xj and its k related ones in the same
(i)

B. Distributed Approach for Spectral Embedding With
Multiple Views
As mentioned earlier, spectral embedding with multiple
views is a new topic; it is first proposed in [3], and a distributed
approach, i.e., DSE, is proposed in it. In the following is a brief
summary of DSE.
Given a multiple-view datum with n objects having m views,
i.e., a set of matrices X = {X (i) ∈ mi ×n }m
i=1 , each representation X (i) is a feature matrix from view i. DSE assumes that
the low-dimensional embedding of each view X (i) is already
known, i.e., A = {A(i) ∈ n×ki }m
i=1 , ki < mi (1 ≤ i ≤ m).
DSE focuses on how to learn a consensus low-dimensional

(1)

i=1

(i)

(i)

(i)

(i)

view (e.g., nearest neighbors) xj1 , . . . , xjk ; the patch of xj is
defined as Xj = [xj , xj1 , . . . , xjk ] ∈ mi ×(k+1) . For Xj ,
(i)

(i)

(i)

(i)

there is a part mapping fj
(i) (i)
(i)
[yj , yj1 , . . . , yjk ]

(i)

(i)

(i)

(i)

(i)

: Xj → Yj , wherein Yj

=

∈
. To preserve the locality in the
projected low-dimensional space, the part optimization for the
jth patch on the ith view is
arg min
(i)

Yj

d×(k+1)

k 
2 


 (i)
(i) 
(i)
yj − yjl  wj
l=1

l

(2)
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Fig. 1. Working flow of MSE: MSE first builds a patch for a sample on a view. Based on the patches from different views, the part optimization can be performed
to get the optimal low-dimensional embedding for each view. Then, all low-dimensional embeddings from different patches are unified together as a whole one
by global coordinate alignment. Finally, the solution of MSE is derived by using the alternating optimization.
(i)

where wj

is a k-dimensional column vector weighted by

(i)

(i)

(i)

(wj )l = exp(−xj − xjl 2 /t). Therefore, (2) can be reformulated to
T ⎤
⎛⎡ 
(i)
(i)
yj − yj1
⎥
⎜⎢
...  ⎦
arg min tr ⎝⎣ 
T
(i)
(i)
(i)
Yj
yj − yjk
⎞




(i)
(i)
(i)
(i)
(i) ⎟
× yj − yj1 , . . . , yj − yjk diag wj ⎠

Because of the complementary property of multiple views to
each other, different views definitely have different contributions to the final low-dimensional embedding. In order to well
explore the complementary property of different views, a set
of nonnegative weights α = [α1 , . . . , αm ] is imposed on part
optimizations of different views independently. The larger αi
(i)
is, the more important role the view Xj plays in learning to
(i)

obtain the low-dimensional embedding Yj . By summing over
all views, the multiview part optimization for the jth patch is

m

T 

(i) (i)
(i)
αi tr Yj Lj Yj
.
(6)
arg min


(i)




(i)

= arg min tr Yj
(i)
Yj




−eT
(i)
k
diag wj
Ik


× [ −ek

(i)

(i)

= arg min tr Yj Lj
(i)
Yj

Y = Yj



(i)

(i)

T

m

i=1

,α i=1

B. Global Coordinate Alignment


(i)

For each patch Xj , there is a low-dimensional embedding
(i)

(i)

Ik ] Yj

Yj . All Yj

T 

assuming that the coordinate for Yj = [yj , yj1 , . . . , yjk ]
is selected from the global coordinate Y = [y1 , . . . , yn ], i.e.,
(i)
(i)
(i)
Yj = Y Sj , wherein Sj ∈ n×(k+1) is the selection matrix
to encode the spatial relationship of samples in a patch in
the original high-dimensional space. That is, low-dimensional
embeddings in different views are consistent with each other
globally. Therefore, (6) can be equivalently rewritten as


m

T

(i) (i)
(i)
T
αi tr Y Sj Lj Sj
Y
.
(7)
arg min

can be unified together as a whole one by
(i)

Yj

(3)

where ek = [1, . . . , 1]T , Ik is a k × k identity matrix, and tr(·)
(i)
is the trace operator. Lj ∈ (k+1)×(k+1) encodes the objective
function for the jth patch on the ith view. According to (3), it is
 T


−ek
(i)
(i)
Lj =
diag wj [ −ek Ik ]
Ik
⎡ k 

T ⎤


(i)
(i)
wj
− wj
⎢
⎥
l
= ⎣ l=1
(4)

⎦.
(i)
(i)
−wj
diag wj

Y,α

(i)

Yj

(i)

Y,α

j=1 i=1

Y,α

(i)

m




αi tr Y L(i) Y T

(8)

i=1

where L(i) ∈ n×n is the alignment matrix for the ith view, and
it is defined as

Based on the locality information encoded in Lj , (5) finds
a sufficiently smooth low-dimensional embedding Yj by preserving the intrinsic structure of the jth patch on the ith view.

(i)

By summing over all part optimizations defined by (7), the
global coordinate alignment is given by


n 
m

T

(i) (i)
(i)
αi tr Y Sj Lj Sj
YT
arg min

= arg min
(5)

(i)

i=1

(i)
Xj

is
Therefore, the part optimization for


T 
(i) (i)
(i)
arg min tr Yj Lj Yj
.

(i)

L(i) =

n

j=1

(i)

(i)

Sj Lj



(i)

Sj

T
.

(9)
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Putting (4) into (9), we have
L(i) = D(i) − W (i)

(10)
(i)

(i)

where W (i) ∈ n×n and [W (i) ]pq = exp(−xp − xq 2 /t)
(i)
(i)
if xp is among the k-nearest neighbors of xq or vice
= 0 otherwise. In addition, D(i) is diagonal,
versa; [W (i) ]pq
(i)
and [D ]jj = l [W (i) ]jl . Therefore, L(i) is an unnormalized
graph Laplacian matrix [12]. In MSE, we adopt a normalized
graph Laplacian matrix by performing a normalization on L(i)
−1/2

−1/2

(i)
L(i)
L(i) D(i)
n = D
−1/2

−1/2

= I − D(i)
W (i) D(i)

(11)

(i)

where Ln is symmetric and positive semidefinite; the proof is
given in Appendix A. The constraint Y Y T = I is imposed on
(8) to uniquely determine the low-dimensional embedding Y ,
i.e.,
m



T
αi tr Y L(i)
arg min
n Y
Y,α

i=1

i=1

(15)
Therefore, αi can be obtained
1/(r−1)


(i)
1/tr Y Ln Y T
αi = m 

1/(r−1) .

(i)
1/tr Y Ln Y T

(16)

i=1
m


αi = 1,

αi ≥ 0.

(i)

(12)

i=1

The solution to α in (12) is αk = 1 corresponding to the
minimum tr(Y L(i) Y T ) over different views, and αk = 0 otherwise. This solution means that only one view is finally selected
by this method. Therefore, the performance of this method is
equivalent to the one from the best view. This solution does not
meet our objective on exploring the complementary property of
multiple views to get a better embedding than based on a single
view.
In this paper, we adopt a trick utilized in [13] to avoid
r
this phenomenon,
m ri.e., we set αi ← αi with r > 1. In this
condition,
i=1
αi achieves its minimum when αi = 1/m
with respect to m
i=1 αi = 1, αi > 0. Similar αi for different
views will be obtained by setting r > 1, so each view has a
particular contribution to the final low-dimensional embedding
Y . Therefore, the new objective function is defined as
m



T
αir tr Y L(i)
Y
arg min
n
i=1

s.t. Y Y T = I;

i=1

By setting the derivative of L(α, λ) with respect to αi and λ
to zero, we have
⎧


(i)
∂L(α,λ)
⎪
⎨ ∂αi = rαir−1 tr Y Ln Y T − λ = 0, i = 1, . . . , m
m

∂L(α,λ)
⎪
αi − 1 = 0.
⎩ ∂λ =

i=1

s.t. Y Y T = I;

Y,α

iterative algorithm by using the alternating optimization [14]
to obtain a local optimal solution. The alternating optimization
iteratively updates Y and α in an alternating fashion.
First, we fix Y to update
 α. By using a Lagrange multiplier
λ to take the constraint m
i=1 αi = 1 into consideration, we get
the Lagrange function
m

m




r
(i) T
−λ
L(α, λ) =
αi tr Y Ln Y
αi − 1 . (14)

m


αi = 1,

αi ≥ 0

(13)

i=1

where r > 1. According to (13) and related discussions, MSE
finds a low-dimensional sufficiently smooth embedding Y by
preserving the locality of each view simultaneously. The solution of (13) is given in the next section.
C. Alternating Optimization
In this section, we derive the solution of MSE defined in (13),
which is a nonlinearly constrained nonconvex optimization
problem. To the best of our knowledge, there is no direct way
to find its global optimal solution. In this paper, we derive an

The alignment matrix Ln is positive semidefinite, so we
have αi ≥ 0 naturally. When Y is fixed, (16) gives the global
optimal α.
According to (16), we have the following understanding for
r in controlling αi . If r → ∞, different αi will be close to
each other. If r → 1, only αi = 1 corresponding to the mini(i)
mum tr(Y Ln Y T ) over different views, and αi = 0 otherwise.
Therefore, the selection of r should be based on the complementary property of all views. Rich complementary prefers
large r; otherwise, r should be small. The effect of parameter r
is discussed in our experiments in Section IV-E.
Second, we fix α to update Y . The optimization problem in
(13) is equivalent to
min tr(Y LY T ) s.t Y Y T = I
Y

(17)


(i)
r (i)
where L = m
i=1 αi Ln . Because Ln is symmetric, L is
symmetric. Based on the Ky-Fan theorem (the details of the
Ky-Fan theorem are given in Appendix B), (17) has a global
optimal solution Y when α is fixed. The optimal Y is given as
the eigenvectors associated with the smallest d eigenvalues of
the matrix L.
According to the aforementioned descriptions, we can form
an alternating optimization procedure, depicted in Algorithm 1,
to obtain a local optimal solution of MSE.
Algorithm 1: MSE Algorithm
Input: A multiple-view datum X = {X (i) ∈ mi ×n }m
i=1 ,
the dimension of the low-dimensional embedding d (d <
mi , 1 ≤ i ≤ m), and r > 1.
Output: A spectral embedding Y ∈ d×n .
Method:
(i)
1: Calculate Ln for each view according to the patch
alignment.
2: Initialize α = [1/m, . . . , 1/m].
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3: Repeat
4: Y = U T , where U = [u1 , . . . , ud ] are the eigenvectors
associated with the smallest d eigenvalues of the matrix L
defined in (17).

(i) T 1/(r−1)
)
5: αi = ((1/tr(Y L(i) Y T ))1/(r−1))/( m
i=1 (1/tr(Y L Y ))
6: Until convergence
The algorithm converges because the objective function
m r
(i) T
i=1 αi tr(Y Ln Y ) reduces with the increasing of the iteration numbers. In particular, with fixed α, the optimal Y can
reduce the value of the objective function, and with fixed Y , the
optimal α will also reduce the value of the objective function.
D. Time-Complexity Analysis
The time complexity of MSE contains two parts. One is for
the constructions of alignment matrices for different views, i.e.,
(i)
the computation
(11), the time complexity of this
m of Ln . From
part is O(( i=1 mi ) × n2 ). The other is for the alternating
optimization. The update of Y has the time complexity of the
eigenvalue decomposition of an n × n matrix. It is O(n3 ).
The update of α has the time complexity of O((m + d) × n2 ).
Therefore, the entire
time complexity of MSE is O((n3 + (m +
m
2
d) × n ) × T + ( i=1 mi ) × n2 ), where T is the number of
training iterations and T is around three (always less than five)
in all experiments.
IV. E XPERIMENTAL R ESULTS
Images and videos are usually represented by multiview
features, and each view is represented in a high-dimensional
space. In this paper, we compare the effectiveness of the
proposed MSE with the conventional feature concatenationbased spectral embedding (CSE), the DSE [3], the average performance of the single-view-based spectral embedding (ASE),
and the best performance of the single-view-based spectral
embedding (BSE) in both image retrieval and video annotation.
We also show the performance comparison in the application
of document clustering, which shows the results for multiview
data with poor complementary. Finally, we give our analysis
on parameter r and the dimensionality of the low-dimensional
embedding d.
In ASE, BSE, CSE, and DSE, the LE is adopted. The CSE
is performed based on the Gaussian normalized concatenated
vector from different views. For all experiments, the value
of k for patch construction in MSE and that of k-nearest
neighbor construction in LE are fixed at 30. In LE and MSE,
an unweighted graph as defined in [9] is adopted.
A. Toy Data Set Test
In this section, we use a toy data set to illustrate the effectiveness of MSE in comparing with CSE-LE and DSE-LE.
The toy data set, which is a subset of Corel image gallery,
consists of three semantic categories, i.e., bus, ship, and train.
Each category includes 100 images. Fig. 2 shows some example
images. For each image, we extract two kinds of low-level
visual features, i.e., a 64-D HSV color histogram (HSVCH)

Fig. 2.

Example images in the toy data set.

and a 75-D edge directional histogram (EDH), to represent
two different views. Because the two views for an image are
generally complementary to each other, we empirically set r in
MSE as five.
Fig. 3(a) and (b) shows the low-dimensional embeddings
obtained by LE performed on HSVCH and EDH independently,
and Fig. 3(c)–(e) shows the embeddings obtained by CSE,
DSE, and MSE, respectively. The results shown in Fig. 3(a)–(d)
demonstrate that the existing algorithms merge different categories in the low-dimensional space. On the contrary, the
proposed MSE can well separate different categories because
MSE takes the complementary property of different views into
consideration for embedding.
B. Image Retrieval
In this section, we show the effectiveness of MSE in image
retrieval. The procedure for performance evaluation is as follows: 1) The low-dimensional embedding of an image retrieval
data set is learned by an embedding algorithm, e.g., MSE, and
2) based on a low-dimensional embedding, a standard image
retrieval procedure is conducted for all images in the data set.
In detail, for each category, one image is selected as a query,
and then, all the other images in the data set (including other
categories) are ranked according to the Euclidean distance to
the query computed in the low-dimensional embedding. The
retrieval performance is evaluated through the average precision (AP) based on the top N images. The mean AP (MAP)
is computed by averaging all APs for different categories.
In this paper, we use MAP to compare different embedding
algorithms.
Corel 2000 and Caltech256-2045 are utilized independently
for an image-retrieval test. Corel 2000 is a subset of the Corel
photo gallery. There are 20 image categories, and each category
contains 100 images. These 20 categories are the following:
balloon, beach, bird, bobsled, bonsai, building, bus, butterfly,
car, cat, cougar, dessert, dog, eagle, elephant, firework, fitness,
flag, foliage, and fox. Fig. 2 shows some example images from
Corel 2000. Caltech256-2045 is a subset of the Caltech256 data
set [15]; it contains 2045 images from 15 categories, including
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Low-dimensional embeddings of different spectral-embedding algorithms. (a) LE on HSVCH. (b) LE on EDH. (c) CSE. (d) DSE. (e) MSE.

The results for the performance comparison on Corel 2000
and Caltech256-2045 are shown in Fig. 6. MSE achieves the
best performance on both two data sets.
C. Video Annotation

Fig. 4.

Example images in Caltech256-2045.

AK-47, American flag, backpack, baseball bat, baseball glove,
baseball hoop, bat, bathtub, bear, bear mug, billiards, binoculars, birdbath, blimp, and bonsai. Fig. 4 shows some example
images from Caltech256-2045.
For each image, we extract five kinds of low-level visual
features to represent five different views. These five features
are color moment, color correlogram, HSVCH, edge directional
histogram, and wavelet texture. The color moment consists
of 5 × 5 blockwise Lab color moments, and each block is
represented by three statistical moments: mean, variance, and
skewness over three color channels. Therefore, the color moment is 225-D. The color correlogram is extracted according
to [16] and is 114-D. The HSVCH contains 64 bins. A 75-D
edge directional histogram is extracted for edge representation.
A 128-D wavelet texture feature is extracted for texture representation. Table I summarizes the dimensionality for every
modality. Because different views for an image are generally
complementary to each other, we empirically set r in MSE as
five. The dimensionality of the low-dimensional embedding d
is set as 30.

In this section, we show the effectiveness of MSE in video
annotation. We adopt a standard video annotation testbed, the
TRECVID 2008 training set [17], which consists of 39 674
shots from 20 concepts. A key frame is extracted from each shot
for representation. We select ten concepts for performance evaluation. They are classroom, bridge, emergency vehicle, dog,
airplane flying, kitchen, bus, harbor, telephone, and demonstration or pretest. We use all positive samples of the ten selected
concepts to construct our data set, which has 1179 key frames.
Fig. 5 shows some example key frames from TRECVID 2008.
Similar to the performance-evaluation procedure used in the image retrieval, MAP is applied to measure the performance of an
embedding algorithm. Because different views for a key frame
are generally complementary to each other, we empirically set
r in MSE as five. The dimensionality of the low-dimensional
embedding d is set as 30.
For each key frame, we extract five kinds of low-level visual
features, which are also used for image retrieval as shown in
Table I, to represent five views. Fig. 6 shows that the proposed
MSE achieves the best performance on this data set.
D. Document Clustering
In the aforementioned experiments, the data sets are multimedia data (e.g., an image or a video) which generally have
a complementary among different features; however, the complementary is not very rich since the different features of a
sample are relatively related to each other. In this section, we
consider a text data set to show the performance on multiview
data with very rich complementary, in which the different views
of a sample are nearly independent. We utilize the application
of document clustering to perform evaluation. The procedure
for evaluation is as follows: 1) The low-dimensional embedding of a text data set is learned by an embedding algorithm,
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TABLE I
D IMENSIONALITY OF F IVE F EATURES FOR I MAGE R ETRIEVAL

TABLE II
P ERFORMANCE C OMPARISON ON THE 20-N EWSGROUP DATA S ET
M EASURED BY RI

Fig. 5. Example images in TRECVID 2008.

Fig. 6. Performance comparison on the three data sets measured by MAP of
top 100 samples.

e.g., MSE, and 2) based on a low-dimensional embedding, a
K-means algorithm [24] is performed to cluster the data set. As
for cluster evaluation, following [25], we use the Rand index
(RI) defined as
RI =

#CD
N (N − 1)/2

(18)

where N denotes the number of samples, #CD denotes the
number of correct decisions, and a decision is considered
correct if the clustering algorithm agrees with the real clustering. In our experiments, K-means adopts random sampling
to select the initial cluster centroids, and we compute the
average RI for evaluation after having performed K-means
50 times.

The text data set in this experiment is a modified
20-newsgroup data set downloaded from [22]; it is a tiny
version of the 20-newsgroup data set [23] with binary occurrence data for 100 selected keywords across 16 242 postings.
Although the data are organized into 20 different newsgroups,
we can separate them into four clusters according to the highest
level of the topic naming, i.e., comp, rec, sci, and talk. We
randomly select 500 samples from each cluster, and thus, our
data set consists of 2000 samples from four clusters; each
sample has a dimensionality of 100.
We generate two views on the text data set following the
same way in [19]; we randomly draw 50 words from the
100 keywords and regard the term vector on the 50 words
as view 1 and the term vector on the remaining 50 words as
view 2. The two views are nearly independent since they are
represented in two separated term spaces. Because the two
views for a document have rich complementary among them,
we empirically set r in MSE as nine. The dimensionality of the
low-dimensional embedding d is set as ten.
Table II shows the results for performance comparison.
“Non-DR” denotes the result of performing K-means on the
original 100-D data; it is the result without performing dimensionality reduction. “LE on View 1” denotes the result
by LE performed on view 1. We can see that MSE achieves
the best performance. Compared with the multimedia data
set, the performance of MSE has limited advantage on the
20-newsgroup data set, e.g., the RI of CSE is very close to
that of MSE. That is because the two views of the text data
set are nearly independent, and each single view has very low
performance for clustering (i.e., 0.521 and 0.492); in such a
case, it is very difficult to handle the disagreements from the
two views.

E. Effect of Parameter r
In this section, we investigate the effect of parameter r in
MSE. Table III illustrates the performance variation of MSE
with respect to r; the dimensionality of the low-dimensional
embedding d is set as 30 for the Corel 2000 data set and as 10
for the 20-newsgroup data set. As discussed in Section III-C,
rich complementary prefers large r. It is known that the
20-newsgroup data set has richer complementary among different views than Corel 2000 does. We can see that the
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TABLE III
P ERFORMANCE C OMPARISON OF MSE W ITH D IFFERENT r

TABLE IV
P ERFORMANCE C OMPARISON ON THE C OREL 2000 DATA S ET W ITH
D IFFERENT d M EASURED BY RI

A PPENDIX I
A. Proof of

(i)
Ln

Being Symmetric and Positive Semidefinite
(i)

According to (11), the symmetry of Ln follows directly
from the symmetry of W (i) and D(i) . As for positive semidefiniteness, given a vector f ∈ n , we have
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20-newsgroup data set performs the best around r = 9; the
Corel 2000 data set performs the best around r = 6.

=

F. Performance Under Different Values of d
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In this section, we show the performance comparison under different dimensions of the low-dimensional embedding.
Table IV illustrates the performance comparison on the Corel
2000 data set with respect to d; parameter r is empirically
set as five in MSE. We can see that MSE achieves the best
performance on all the settings of d except when d = 50, and
also, we can find that the optimal value of d for the Corel 2000
data set is between 10 and 20.
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V. C ONCLUSION
In many applications, objects are represented by different
views. However, existing spectral-embedding algorithms cannot deal with multiview data directly. In this paper, we have
proposed a novel MSE, which learns a low-dimensional and
sufficiently smooth embedding over all views simultaneously.
From the experimental results, we can conclude that MSE
can effectively explore the complementary property of different
views to obtain an effective low-dimensional embedding for
multiview data sets. We also find the following: 1) MSE has
promising results on multimedia data (e.g., an image or a
video), which generally have complementary among different
features, and 2) MSE achieves limited success in the case when
different views are nearly independent, and each single view
is not informative enough, e.g., the text data set in Section IVD; in such a case, the performances of CSE and MSE are very
close.
There are, however, some open problems in MSE: 1) One
is how to select the optimal dimension of the low-dimensional
embedding; from Table IV, we can find that there exists an
optimal value of d for some data set, and MSE achieves limited
success under inappropriate setting of d; and 2) MSE is a spectral method which needs to perform eigenspace decomposition
of matrices of size N × N (N is the number of samples in the
data set); this generally takes O(N 3 ) time, and it will be very
time consuming when N is very large. In the future, we will
consider how to utilize the sampling technique [26] in MSE to
handle a large-scale data set.

n


(i)

thus, Ln is positive semidefinite.
B. Ky-Fan Theorem
Let M ∈ n×n be a symmetric matrix with
the smallest k eigenvalues λ1 ≤ · · · ≤ λk , and the
Then,
corresponding
eigenvectors
U = [u1 , . . . , uk ].
k
T
Moreover,
i=1 λi = minX∈n×k ,X T X=Ik tr(X M X).
the optimal X is given by U Q, where Q is an arbitrary
orthogonal matrix. Please refer to [18] for the detailed proof.
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